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Abstract
We present a relativistic formulation of pion loop corrections to the coupling of photons with
nucleons on the light-front. Vertex and wave function renormalization constants are computed to
lowest order in the pion field, including their nonanalytic behavior in the chiral limit, and studied
numerically as a function of the ultraviolet cutoff. Particular care is taken to explicitly verify
gauge invariance and Ward-Takahashi identity constraints to all orders in the mpi expansion. The
results are used to compute the chiral corrections to matrix elements of local operators, related to
moments of deep-inelastic structure functions. Finally, comparison of results for pseudovector and
pseudoscalar coupling allows the resolution of a long-standing puzzle in the computation of pion
cloud corrections to structure function moments.
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I. INTRODUCTION
The importance of chiral symmetry in hadron physics has been understood for more than
50 years. As an explicit Lagrangian representation of the approximate chiral symmetry
(PCAC) that had been recognized in low energy pion–nucleon interactions, Gell-Mann and
Levy [1] constructed the extremely successful linear sigma model. In that model the pion
couples to the nucleon through pseudoscalar coupling, while an additional scalar (σ) field
is also coupled linearly. At a more formal level, Gell-Mann [2] proposed SU(2)×SU(2)
as an exact algebra for the charges associated with the Hamiltonian governing the strong
interaction, even though chiral symmetry was not an exact symmetry of that Hamiltonian.
On the basis of current algebra one can show very generally that the amplitude for pion
scattering or production must vanish as the four-momentum of the pion vanishes [3, 4].
Within the linear sigma model, this important result for low energy pion-nucleon scattering,
for example, is only possible through a subtle cancellation of two large contributions, the
first involving pion emission and absorption through the pseudoscalar (PS) coupling, and the
second involving σ exchange in the t-channel. Keeping track of the necessary cancellations
between such large terms in the linear sigma model is tedious and for that reason modern
formulations of chiral effective field theory tend to prefer a Lagrangian formulation based
on a nonlinear realization of chiral symmetry [5–8]. In such a formulation the natural πNN
vertex involves pseudovector (PV) coupling and the vanishing of pion–nucleon scattering
amplitudes as the pion four-momentum vanishes emerges trivially. In this work, motivated
by the phenomenological simplicity of enforcing soft-pion theorems, we focus on the case of
PV coupling. However, since the linear realization of chiral symmetry is still used in the
literature, for completeness we also compare our results with those for PS coupling.
More recently, chiral symmetry and the pion cloud of the nucleon have been shown to play
a central role in understanding various flavor and spin asymmetries in quark distribution
functions measured at high energies. Most prominent of these has been the SU(2) flavor
asymmetry in the proton sea, with the large excess of d¯ quarks over u¯ being predicted
in Ref. [9] and found in deep-inelastic scattering [10] and Drell-Yan experiments [11, 12].
While a nonperturbative pionic component of the nucleon wave function provides a natural
explanation for the sign of the observed asymmetry, calculations of the magnitude of the
d¯ − u¯ difference have typically been made in models without a direct connection to QCD.
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Furthermore, while the most convenient framework for describing high-energy reactions is the
light-front, the realization of chiral symmetry on the light-front is yet to be fully understood
(for a recent discussion see, e.g., Ref. [13]).
In Ref. [14] we examined the framework dependence of pion loop effects for the simple case
of the nucleon self-energy. We showed that results for the model-independent, nonanalytical
behavior associated with the long-range part of the pion cloud [15] are in fact independent
of whether the calculation is performed using light-front, instant form (in the rest frame or
infinite momentum frame), or covariant perturbation theory. On the other hand, important
differences were observed for the nonanalytic structure of the self-energy when comparing
the PV and PS couplings.
Applying the methodologies developed in Refs. [14, 16], we consider here the more phys-
ically relevant case of the electromagnetic coupling of the nucleon dressed by pion loops.
This represents the necessary next step towards the computation of the chiral corrections to
quark distribution functions of the nucleon, whose moments are given by matrix elements
of twist-2 operators. The twist-2 matrix elements were studied previously by Chen and Ji
[17] and Arndt and Savage [18], who computed the most important pion loop contributions
to the leading nonanalytic behavior within heavy baryon chiral perturbation theory. In the
present analysis we compute the pion loop corrections to the vertex renormalization factors
using a fully relativistic framework, which includes higher order corrections in the pion mass
mpi. Furthermore, we demonstrate explicitly that gauge invariance and the Ward-Takahashi
identities hold to all orders mpi, provided the full set of one-loop diagrams is considered,
including rainbow, tadpole and Kroll-Ruderman contact terms. We verify this for both PV
and PS theories. Using the results for the vertex corrections, we then derive the pion loop
corrections to the matrix elements of the twist-2 operators for both the proton and neu-
tron, and verify the nonanalytic behavior of the isoscalar and isovector contributions. Note
that for the lowest moment of the nonsinglet distribution the chiral corrections are essen-
tially those that appear for the nucleon electromagnetic form factors at zero four-momentum
transfer squared, q2 = 0. These have been computed in a relativistic formalism to one loop
order in Refs. [19, 20]. In contrast to form factors, for high-energy observables such as quark
distribution functions the natural framework is the light-front, to which we specialize in
this work. While we also focus on the lowest moment of the quark distributions, for the
reconstruction of the distributions themselves [21], higher moments of the distributions will
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of course be necessary (Sec. IV).
In Sec. II we review the basics of the pion–nucleon interaction in terms of the chiral
Lagrangian evaluated to lowest order in derivatives of the pion field. The electromagnetic
nucleon vertex corrections arising from pion loops are computed in Sec. III, and their nonan-
alytic properties studied as a function of the pion mass. To illustrate the role of the various
contributions to the vertex renormalization explicitly, we compute the renormalization fac-
tors numerically as a function of the ultraviolet cutoff. The results for the vertex corrections
and wave function renormalization are subsequently used in Sec. IV to compute the chiral
corrections to nucleon matrix elements of twist-2 operators. Comparison of the results for
PV and PS coupling also allows us to identify the origin of the discrepancy between the non-
analytic behaviors of the twist-2 moments computed in heavy baryon chiral perturbation
theory and at the parton level in terms of the Sullivan process [22]. Finally, in Sec. V we
summarize our findings and outline future extensions of the present work. In Appendix A
we collect formulas for the complete set of Feynman rules needed to compute the vertex
renormalization and wave function corrections. The demonstration that the results respect
gauge invariance and the Ward-Takahashi identity is presented in Appendices B and C,
respectively, and some useful results for the nonanalytic behavior of integrals are listed in
Appendix D. Although some of the formal results which we summarize here can be found
elsewhere, our aim will be to provide a pedagogical discussion of the derivations in order to
clarify some conflicting claims in the literature about the computation of the analytic and
nonanalytic contributions to the pion loop integrals.
II. PION-NUCLEON INTERACTION
To lowest order in derivatives of the pion field pi = (π+, π−, π0), where π± = (π1 ∓
iπ2)/
√
2 = π∗∓, the πNN Lagrangian is given by [5, 23–25]
LpiN = gA
2fpi
ψ¯Nγ
µγ5 τ · ∂µpi ψN − 1
(2fpi)2
ψ¯Nγ
µ
τ · (pi × ∂µpi)ψN , (1)
where ψN is the nucleon field, ~τ is the Pauli matrix operator in nucleon isospin space,
fpi = 93 MeV is the pion decay constant, and gA = 1.267 is the nucleon axial vector charge.
Our convention follows that in Ref. [24], but differs by an overall minus sign for the gA term
in Eq. (1) from that in Ref. [25]. For quantities where the pi field enters quadratically, such
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as the pion loop corrections discussed here, the overall sign on the gA term is immaterial.
The gA-dependent term in the Lagrangian (1) gives rise to the “rainbow” diagram in which
a pion is emitted and absorbed by the nucleon at different space-time points, while the
second is the Weinberg-Tomozawa coupling [5, 26], which has two pion fields coupling to the
nucleon at the same point. The latter gives the leading contribution to S-wave pion-nucleon
scattering [27], and generates the pion tadpole or bubble diagrams.
The above definitions mean that the field π− corresponds to an incoming negatively
charged pion, with π∗+ to an outgoing positively charged pion. In writing Eq. (1) we have
also made use of the Goldberger-Treiman relation between gA, fpi and the πNN coupling
constant gpiNN ,
gA
fpi
=
gpiNN
M
, (2)
where gpiNN ≈ 13.4 and M is the nucleon mass.
The interaction of pions and nucleons with the electromagnetic field is introduced by
minimal substitution, ∂µ → ∂µ + ieAµ, where the charge e = −1 for a photon coupling to
an electron. This gives rise to a γπN interaction Lagrangian of the form
LγpiN = −ψ¯Nγµ QˆNψN Aµ + i (∂µpi) · (Qˆpipi)Aµ
+
igA
2fpi
ψ¯Nγ
µγ5 τ · Qˆpipi ψN Aµ − i
(2fpi)2
ψ¯Nγ
µ
τ · (pi × Qˆpipi)ψN Aµ (3)
where QˆN = |e|(I+τ3)/2 is the nucleon charge operator, defined in terms of the total isospin I
of the nucleon and its third component such that Qˆpψp = |e|ψp, and Qˆnψn = 0, and similarly
for the pion charge operator one has Qˆpipi = |e|(π+,−π−, 0). The first two terms in Eq. (3)
correspond to the photon coupling to the bare nucleon and pion, respectively, the third term
is the Kroll-Ruderman coupling [28, 29] required by gauge invariance, while the fourth term
gives rise to a photon coupling to a pion–nucleon tadpole vertex. The Lagrangians (1) and
(3) can be used to derive a set of Feynman rules for computing lowest order amplitudes,
which are summarized in Appendix A.
The transformation of the PS coupling Lagrangian, such as in the linear σ model [1, 30],
to the PV coupling Lagrangian in Eq. (1) can be understood as a canonical transforma-
tion of the field variables, analogous to the coordinate transformation from the Cartesian
coordinates x and y to the plane polar coordinates r =
√
x2 + y2 and θ = tan−1 (y/x)
[5, 31]. In analogy with the coordinate transformation, the PV coupling Lagrangian can
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be derived from the PS Lagrangian with the form of x + iy (representing, for example,
M − gpiNN σ − igpiNN γ5 τ · pi) by taking the equivalence between the (x, y) and (r, θ) co-
ordinates, such that x + iy = reiθ with an appropriate field redefinition for the nucleon,
pion and σ fields. Since the redefined scalar field turns out to be completely decoupled after
the canonical transformation and becomes irrelevant to the chiral symmetry, one may com-
pletely remove it in the PV coupling Lagrangian [5, 23–25, 32], as shown in Eqs. (1) and (3).
In the original PS coupling Lagrangian it is crucial to keep the σ field to maintain the chiral
symmetry. Thus, the pseudoscalar Lagrangian is not invariant under chiral transformations
without the presence of a scalar field, as in the linear sigma model [33].
However, historically the pseudoscalar pion–nucleon interaction without a scalar field has
often been discussed in the literature, with the lowest order Lagrangian density given by
LPSpiN = −gpiNN ψ¯N iγ5 τ · pi ψN + · · · (4)
As discussed by Lensky and Pascalutsa [34], this can be formally obtained by redefining the
nucleon field ψN → ξψN , where ξ = exp[(igAτ · pi/2fpi)γ5], which leads to the PS Lagrangian
in Eq. (4), together with the Weinberg-Tomozawa contribution in (1) replaced by an isoscalar
term as in the σ model and a modified isovector term.
To contrast a number of important features pertinent to the PV and PS calculations, we
discuss here the consequences of neglecting the scalar field contribution for the PS theory.
For on-shell nucleons obeying the free Dirac equation, the PS and PV Lagrangians (1) give
identical results for matrix elements, provided the couplings are related by Eq. (2). For off-
shell nucleons, however, the PS and PV interactions lead to different results because of the
strong coupling to negative energy states in the former. This can be illustrated by splitting
the nucleon off-shell propagator into an on-shell part and an off-shell part, according to the
identity [35]
1
p/−M =
∑
s u(p, s)u¯(p, s)
p2 −M2 +
γ+
2p+
, (5)
where γ+ = γ0 + γ3 and p+ = p0 + pz. One observes that while the on-shell component
gives equivalent results for PV and PS interactions, the contribution from the off-shell part
γ+/2p+ differs for the PV and PS couplings [36]. These differences were studied in detail
for the case of the nucleon self-energy Σ in Ref. [14], where the leading nonanalytic behavior
of Σ was found to be of order m2pi logm
2
pi for the PS case, in contrast to the m
3
pi behavior of
the PV theory. In the nucleon self-energy, the difference in the off-shell part γ+/2p+ indeed
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appears as a pion tadpole contribution in the PS theory. Since the pion tadpole involves the
two-pion coupling, which corresponds to a scalar coupling, it is evident that the equivalence
between the PV and PS coupling theories cannot be attained without a scalar field to restore
the chiral symmetry. Important differences arise also for the vertex corrections, as we shall
discuss in the following.
III. VERTEX CORRECTIONS
Beyond tree level, the interactions described by Eqs. (1) and (3) give rise to loop cor-
rections which renormalize the electromagnetic photon–nucleon vertex. These corrections
are illustrated in Fig. 1. In this section we will derive the corrections arising from each of
these diagrams explicitly and study their dependence on the high-momentum cutoff mass,
as well as their nonanalytic properties as a function of the pion mass. For illustration, we
estimate the contribution from each diagram numerically by introducing ultraviolet regular-
ization cutoff parameters in this work. More quantitative numerical estimates using Lorentz
invariant regularization methods, such as dimensional regularization, will be presented in
future work [37].
The vertex renormalization constant Z1 is defined as
(Z−11 − 1) u¯(p) (−i|e|γµ) u(p) = (−i|e|) u¯(p) Λµ u(p), (6)
where the operator Λµ is given by the sum of vertex correction diagrams in Fig. 1(c)–(g), and
for convenience is defined with the charge factor (−i|e|) taken out. We use the convention
in which the nucleon spinors are normalized according to u¯(p)u(p) = 1. For small values of
Z1, one also has, to lowest order in the πN coupling, Z
−1
1 − 1 ≈ 1 − Z1. To evaluate the
vertex renormalization constants from the various diagrams in Fig. 1, we take the µ = +
components, so that
1− Z1 = M
p+
u¯(p) Λ+ u(p), (7)
where the ± components of the momentum four-vector are given by p± = p0 ± pz.
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FIG. 1: Pion loop corrections to the photon–nucleon coupling in the PV pion-nucleon theory:
(a) photon coupling to the bare nucleon, (b) wave function renormalization, (c) rainbow diagram
with coupling to the nucleon, (d) rainbow diagram with coupling to the pion, (e) Kroll-Ruderman
diagrams, (f) pion tadpole diagram with coupling to the pion–nucleon vertex, (g) pion bubble
diagram with coupling to the pion.
A. Photon-nucleon coupling
For the coupling of the photon to a proton dressed by a neutral π0 loop (p → p + π0),
Fig. 1(c), the vertex correction is computed from the operator
Λµp =
(
gA
2fpi
)2 ∫
d4k
(2π)4
(k/γ5)
i(p/− k/+M)
DN
γµ
i(p/− k/+M)
DN
(γ5k/)
i
Dpi
, (8)
where we use the shorthand notation for the pion and nucleon propagators,
Dpi ≡ k2 −m2pi + iε, (9a)
DN ≡ (p− k)2 −M2 + iε, (9b)
respectively. For a neutron target, the correction from the coupling to an intermediate state
proton dressed by a negatively charged pion (n→ p+π−) is given by Λµn = 2Λµp . Taking the
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µ = + component and using Eq. (7), the contribution to the vertex renormalization factor
(1− Zp1 ) = 12(1− Zn1 ) ≡ (1− ZN1 ) is then given by
1− ZN1 = i
(
gA
2fpi
)2 ∫
d4k
(2π)4
[
k4 + 4(p · k)2 − 4M2k2(1− y)− 4p · k k2] 1
DpiD2N
= −i
(
gA
2fpi
)2 ∫
d4k
(2π)4
[
4M2(k2 − 2y p · k)
DpiD2N
− 4M
2y
DpiDN
− 1
Dpi
]
, (10)
where y = k+/p+ is the fraction of the nucleon’s + component of momentum carried by the
pion. In deriving Eq. (10) we have used the Dirac equation, p/u(p) = Mu(p).
Since there are two more powers of momentum k in the numerator of ZN1 than in the
denominator, the integral (10) is formally divergent. One can perform the loop integra-
tion and regularize the divergence in several ways. In Ref. [14] we considered the nucleon
self-energy arising from pion dressing, and computed the loop integrals using equal-time
perturbation theory in the rest frame and in the infinite momentum frame, using light-front
coordinates (all with appropriate high-momentum cutoffs), and covariantly with dimensional
regularization. Each method was shown to give identical results for the model-independent,
nonanalytic part of the integrals, with the (model-dependent) analytic contributions depen-
dent upon the regularization prescription.
In the case of the vertex renormalization, it is convenient to use the + prescription to
evaluate Z1, and it will be particularly instructive to examine the integrands as a function
of k+ (or y) and k⊥. Performing the k
− integration using the Cauchy integral theorem by
closing the contour in the lower half-plane, one can write the nucleon contribution to the
vertex renormalization as
1− ZN1 =
g2AM
2
(4πfpi)2
∫
dy dk2⊥
{
y(k2⊥ + y
2M2)
[k2⊥ + y
2M2 + (1− y)m2pi]2
− y
k2⊥ + y
2M2 + (1− y)m2pi
− 1
4M2
log
(
k2⊥ +m
2
pi
µ2
)
δ(y)
}
, (11)
where the mass µ is an ultraviolet cutoff on the k− integration. In Eq. (11) the first,
second and third terms correspond to the terms in the integrand of Eq. (10) proportional
to 1/DpiD
2
N , 1/DpiDN and 1/Dpi, respectively. The first term, which is logarithmically
divergent in k⊥, gives a contribution that is equivalent to that obtained from a PS pion–
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FIG. 2: Contributions to the vertex renormalization ZN1 from terms in Eq. (10) proportional to
1/DpiD
2
N (dashed), 1/DpiDN (dot-dashed), 1/Dpi (dotted), and the sum (solid), as a function of
the k⊥ momentum cutoff Λ.
nucleon coupling (4) [38, 39],
1− Z˜N1 = −ig2piNN
∫
d4k
(2π)4
k2 − 2y p · k
DpiD2N
=
g2piNN
16π2
∫
dy dk2⊥
y (k2⊥ + y
2M2)
[k2⊥ + y
2M2 + (1− y)m2pi]2
, (12)
where the couplings are related as in Eq. (2), and we use the tilde (“ ∼ ”) notation for
quantities computed from the PS interaction. This result agrees exactly with the result
from the infinite momentum frame calculation of Drell, Levy and Yan [38] within the PS
πN theory.
The second term in Eq. (11) is a new contribution, associated with the momentum de-
pendence of the PV pion–nucleon vertex, and enters with the opposite sign to the PS-like
component. The third term is nonzero only at y = 0, and arises from the 1/Dpi term in
Eq. (10). For k⊥ <∼ µ this serves to enhance the contribution from the 1/DpiD2N PS-like
term.
Numerically, the contributions to ZN1 from each of the three terms are illustrated in Fig. 2
as a function of the cutoff mass Λ used to render the k⊥ integration finite, taking the k
−
integration cutoff µ = 1 GeV. The results show large cancellation between the 1/DpiD
2
N
term (which gives a negative contribution to 1−ZN1 ) and the 1/DpiDN term (which gives a
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positive contribution), with the total closely following the residual 1/Dpi contribution, which
is smaller in magnitude than the other two pieces. This clearly illustrates that a calculation
of the vertex renormalization using the PS πN interaction, apart from not having the correct
chiral symmetry properties, yields very different results phenomenologically compared with
the PV theory.
B. Photon-pion coupling
For the photon coupling to a positively charged pion emitted from the proton, Fig. 1(d),
the corresponding operator can be written
Λµ
pi+
= 2
(
gA
2fpi
)2 ∫
d4k
(2π)4
(k/γ5)
i(p/− k/+M)
DN
(γ5k/)
i
Dpi
i
Dpi
(2kµ), (13)
where the overall isospin factor 2 accounts for the p→ nπ+ transition. For a neutron target,
the operator for the coupling to the negatively charged pion in the transition n → pπ−
would be Λµ
pi−
= −Λµ
pi+
. Taking the µ = + component in Eq. (13), the resulting vertex
renormalization factor for the pion coupling (1 − Zpi+1 ) = −(1 − Zpi−1 ) ≡ 2(1 − Zpi1 ) can be
written as
1− Zpi1 = i
(
gA
2fpi
)2 ∫
d4k
(2π)4
[
2(p · k)2 − k2p · k − 2M2k2] 2y
D2piDN
= −i
(
gA
2fpi
)2 ∫
d4k
(2π)4
[
8yM2 p · k
D2piDN
+
2y p · k
D2pi
+
4yM2
D2pi
]
, (14)
where Zpi1 here is defined with the isospin factor removed. Because y is odd in k
+, while D2pi
is even, the third term in Eq. (14) proportional to y/D2pi will vanish after integration over
k+. For the second term, proportional to 2yp · k/D2pi, we can use the identity∫
d4k
2y p · k
D2pi
=
∫
d4k
1
Dpi
. (15)
In fact, since
∂
∂k+
1
Dnpi
= − nk
−
Dn+1pi
, (16)
one has, for any integer n, ∫
d4k
2y p · k
Dn+1pi
=
1
n
∫
d4k
1
Dnpi
. (17)
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Using the relation (15), and performing the k− integration by closing the contour in the
upper half-plane, the photon–pion coupling contribution to Z1 can be written as
1− Zpi1 =
g2AM
2
(4πfpi)2
∫
dy dk2⊥
{
y(k2⊥ + y
2M2)
[k2⊥ + y
2M2 + (1− y)m2pi]2
+
1
4M2
log
(
k2⊥ +m
2
pi
µ2
)
δ(y)
}
.
(18)
Note that the first term in Eq. (18) is identical to the first term in Eq. (11) for the Zp1
contribution to the vertex renormalization. It is also the result one obtains from the “Sullivan
process” [9, 22, 40–45] for the contribution of the pion cloud to the deep-inelastic structure
function of the nucleon, where the current couples to the pion cloud, leaving an on-shell
nucleon in the final state. These analyses all utilized the PS pion–nucleon interaction, in
which the vertex renormalization factor is given by
1− Z˜pi1 = −ig2piNN
∫
d4k
(2π)4
2y p · k
D2piDN
=
g2piNN
16π2
∫
dy dk2⊥
y (k2⊥ + y
2M2)
[k2⊥ + y
2M2 + (1− y)m2pi]2
. (19)
This result also coincides with the vertex renormalization computed in the infinite momen-
tum frame in Ref. [38] in terms of nucleon and pion “partons” in the PS theory. Comparison
of Eqs. (19) and (12) also demonstrates that the PS model respects the charge conservation
condition,
1− Z˜pi1 = 1− Z˜N1 , (20)
which follows directly from the Ward-Takahashi identity (see Appendix C).
In contrast, the full PV result for Zpi1 in Eq. (18) contains in addition a singular, δ-function
term in y, just as in Eq. (11) for Zp1 but with the opposite sign. As illustrated in Fig. 3,
this term cancels some of the contribution from the PS, 1/DpiD
2
N term, leaving an overall
positive contribution to 1−Zpi1 . Clearly the PV Zpi1 and Zp1 results are different for any value
of the k⊥ cutoff Λ, and in order to demonstrate their equivalence requires consideration of
additional terms arising from the derivative PV coupling.
C. Kroll-Ruderman terms
The momentum dependence of the PV πN interaction gives rise to an additional Kroll-
Ruderman (KR) term [26] which describes the photon coupling to the πNN vertex, Fig. 1(e).
12
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FIG. 3: Contributions to the vertex renormalization Zpi1 from terms in Eq. (18) proportional to
1/DpiDN (dot-dashed), 1/Dpi (dotted), and the sum (solid), as a function of the k⊥ momentum
cutoff Λ.
For the case of the p→ nπ+ vertex, these are computed from the operator
ΛµKR,pi+ = 2i
(
gA
2fpi
)2 ∫
d4k
(2π)4
(
k/γ5
i(p/ − k/+M)
DN
γµγ5 + γ5γ
µ i(p/− k/+M)
DN
γ5k/
)
i
Dpi
.
(21)
For a neutron target, the corresponding operator describing the photon coupling to the
n→ pπ− vertex is ΛµKR,pi− = −ΛµKR,pi+. Note that the emission of a neutron π0 does not give
rise to a KR correction term.
The contribution to the vertex renormalization factor is then given by (1 − ZKR,pi+1 ) =
−(1− ZKR,pi−1 ) ≡ 2(1− ZKR1 ), where
1− ZKR1 = −i
(
gA
2fpi
)2 ∫
d4k
(2π)4
(
2k2 − 4p · k + 4M2y) 1
DpiDN
= −i
(
gA
2fpi
)2 ∫
d4k
(2π)4
(
− 4M
2y
DpiDN
− 2
Dpi
)
. (22)
Performing the k− integration, the resulting contribution to 1− Z1 is
1− ZKR1 = −
g2AM
2
(4πfpi)2
∫
dy dk2⊥
{
y
k2⊥ + y
2M2 + (1− y)m2pi
+
1
2M2
log
(
k2⊥ +m
2
pi
µ2
)
δ(y)
}
,
(23)
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FIG. 4: Contributions to the vertex renormalization ZKR1 from terms in Eq. (23) proportional to
1/DpiDN (dot-dashed), 1/Dpi (dotted), and the sum (solid), as a function of the k⊥ momentum
cutoff Λ.
where the first term in the integrand arises from the 1/DpiDN term, while the δ(y) term is
associated with the 1/Dpi contribution in Eq. (22).
The contributions from the individual terms to ZKR1 are shown in Fig. 4 as a function of
the k⊥ momentum cutoff Λ, as well as the total KR correction. Note the large cancellation
between the 1/Dpi and 1/DpiDN terms for values of the cutoff Λ <∼ 0.8 GeV. Omission of
the δ-function 1/Dpi contribution would thus lead to a significant overestimate of the KR
correction.
Formally, the Kroll-Ruderman terms are needed to ensure gauge invariance in the PV
theory. Indeed, from Eqs. (11), (18) and (23) one can verify explicitly that
(1− ZN1 ) = (1− Zpi1 ) + (1− ZKR1 ) (24)
for the PV case. In contrast, in the PS theory, where the πN vertex is independent of
momentum, there is no analogous KR contribution, and gauge invariance is reflected through
the relation (20). In Fig. 5 we show the total contributions to Z1 from the nucleon and pion
rainbow diagrams, ZN1 and Z
pi
1 , and the total KR correction. The sum of these three terms
is of course zero by Eq. (24).
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FIG. 5: Contributions to the vertex renormalization Z1 from the photon–nucleon coupling Z
N
1
(solid), photon–pion coupling Zpi1 (dashed), and Kroll-Ruderman terms Z
KR
1 (dot-dashed), as a
function of the k⊥ momentum cutoff Λ. Note that the sum of the pion tadpole and bubble
contributions to Z1 vanishes.
D. Tadpoles and bubbles
At lowest order the Lagrangian (3) contains, in addition to the PV coupling of the pion
to the nucleon, quadratic terms arising from the covariant derivative. For the coupling of
the photon to the ππpp vertex in the pion tadpole diagram in Fig. 1(f) the relevant operator
is
Λµp tad = −
1
2f 2pi
∫
d4k
(2π)4
γµ
i
Dpi
. (25)
For the coupling to the ππnn vertex, the corresponding operator is Λµn tad = −Λµp tad. The
contribution to the vertex renormalization from the ππNN tadpoles is then (1 − ZN tad1 ) ≡
(1− Zp tad1 ) = −(1− Zn tad1 ), where
1− ZN tad1 = −
i
2f 2pi
∫
d4k
(2π)4
1
Dpi
. (26)
After integration over k−, this can be written
1− ZN tad1 =
1
2(4πfpi)2
∫
dy dk2⊥ log
(
k2⊥ +m
2
pi
µ2
)
δ(y). (27)
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For the bubble diagram with the photon coupling directly to a pion, Fig. 1(g), the relevant
operator for a proton target is
Λµ
pi bub(p) =
1
2f 2pi
∫
d4k
(2π)4
(−ik/) 2kµ i
Dpi
i
Dpi
, (28)
with that for a neutron target given by Λµ
pi bub(n) = −Λµpi bub(p). Taking the µ = + component
on both sides of Eq. (28), the contribution to the vertex renormalization is given by (1 −
Zpi bub1 ) ≡ (1− Zpi bub(p)1 ) = −(1− Zpi bub(n)1 ), where
1− Zpi bub1 =
i
2f 2pi
∫
d4k
(2π)4
2y p · k
D2pi
. (29)
Using the identify (15) this can be written, after k− integration, as
1− Zpi bub1 = −
1
2(4πfpi)2
∫
dy dk2⊥ log
(
k2⊥ +m
2
pi
µ2
)
δ(y), (30)
which is equal and opposite to the pion tadpole contribution in Eq. (27). The vanishing of
the sum of the pion tadpole and bubble contributions,
(1− Zpi bub1 ) + (1− ZN tad1 ) = 0, (31)
ensures therefore that these have no net effect on the vertex renormalization. In Fig. 6 the
pion tadpole and bubble diagrams are illustrated for a k⊥ momentum cutoff Λ.
E. Nonanalytic behavior
The model-independent, nonanalytic (NA) structure of the vertex renormalization factors
can be studied by expanding 1 − Z1 in powers of mpi. The terms in the expansion that
are even powers of mpi are analytic in the quark mass mq (from the Gell-Mann–Oakes–
Renner relation, m2pi ∼ mq for small mpi), while odd powers of mpi or logarithms of mpi are
nonanalytic in mq. The NA terms reflect the long-range structure of chiral loops, and are
exactly calculable in terms of low energy constants such as gA and fpi, independent of the
details of short-range physics.
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FIG. 6: Nucleon tadpole (solid) and pion bubble (dashed) contributions to the vertex renormal-
ization as a function of the k⊥ momentum cutoff Λ.
The NA behavior of the nucleon rainbow contribution is given by
(1− ZN1 ) NA−→
g2AM
2
(4πfpi)2
{
m2pi
M2
logm2pi −
5π
4
m3pi
M3
− 3m
4
pi
4M4
logm2pi
[
1
DpiD
2
N
term
]
− m
2
pi
2M2
logm2pi +
π
2
m3pi
M3
+
m4pi
4M4
logm2pi
[
1
DpiDN
term
]
+
m2pi
4M2
logm2pi
} [
1
Dpi
term
]
=
3g2A
4(4πfpi)2
{
m2pi logm
2
pi − π
m3pi
M
− 2m
4
pi
3M2
logm2pi + O(m5pi)
}
, (32)
where for completeness we have included the first three lowest order NA terms, and the
origins of the various powers of mpi have been indicated in the brackets to the right of the
equations. Comparison with the PS result (the 1/DpiD
2
N term in Eq. (32)) shows that for
the leading NA (LNA) term (order m2pi logm
2
pi) one has(
1− ZN1
)
LNA
=
3
4
(
1− Z˜N1
)
LNA
. (33)
This makes clear the origin of the difference between the results in Refs. [38, 39], which were
obtained for a PS πN coupling, and Refs. [17] and [18], which were obtained for the PV
theory. Note that this result does not depend on the details of the ultraviolet regulator, since
the nonanalytic structure is determined entirely by the infrared behavior of the integrals.
17
The NA behavior of the pion rainbow contribution is given, to order in mpi, by
(1− Zpi1 ) NA−→
g2AM
2
(4πfpi)2
{
m2pi
M2
logm2pi −
5π
4
m3pi
M3
− 3m
4
pi
4M4
logm2pi
[
1
D2piDN
term
]
− m
2
pi
4M2
logm2pi
} [
1
Dpi
term
]
=
3g2A
4(4πfpi)2
{
m2pi logm
2
pi −
5π
3
m3pi
M
− m
4
pi
M2
logm2pi + O(m5pi)
}
. (34)
Note that the behavior arising from the 1/D2piDN term is identical to that from the 1/DpiD
2
N
term in ZN1 , which reflects the gauge invariance of the PS theory, Eq. (20).
For the PV theory, the Kroll-Ruderman terms has the nonanalytic behavior
(1− ZKR1 ) NA−→
g2AM
2
(4πfpi)2
{
− m
2
pi
2M2
logm2pi +
π
2
m3pi
M3
+
m4pi
4M4
logm2pi
[
1
DpiDN
term
]
+
m2pi
2M2
logm2pi
} [
1
Dpi
term
]
=
3g2A
4(4πfpi)2
{
2π
3
m3pi
M
− m
4
pi
3M2
logm2pi + O(m5pi)
}
. (35)
Here the O(m2pi logm2pi) terms cancel between the 1/DpiDN and 1/Dpi terms, so that the
leading NA behavior of the KR term ∼ m3pi. For the sum of the Zpi1 and ZKR1 terms,
(1− Zpi1 ) + (1− ZKR1 ) NA−→
3g2A
4(4πfpi)2
{
m2pi logm
2
pi − π
m3pi
M
− 2m
4
pi
3M2
logm2pi
}
, (36)
the NA behavior is therefore explicitly verified to be equivalent to that in (1 − ZN1 ) in
Eq. (32).
Finally, for the pion loop contributions from Sec. IIID, the NA behavior is given by the
m2pi logm
2
pi term for both the pion tadpole (Fig. 1(f)) and bubble (Fig. 1(g)) diagrams,
(1− ZN tad1 ) NA−→ −
1
2(4πfpi)2
m2pi logm
2
pi, (37)
(1− Zpi bub1 ) NA−→
1
2(4πfpi)2
m2pi logm
2
pi. (38)
The results for the leading order nonanalytic contributions to the vertex renormalization
factors are summarized in Table I for each of the above terms, where the entries are given
in units of 1/(4πfpi)
2m2pi logm
2
pi. Note that the contributions from the terms associated with
1/DpiD
2
N and 1/D
2
piDN (denoted by asterisks
∗) are the same as those in the PS theory, while
the other contributions arise only for PV coupling. The table clearly illustrates the origin of
the difference between the 1− ZN1 corrections in the PV and PS theories, and in particular
the relative factor 3/4 found in heavy baryon chiral perturbation theory [17, 18] compared
with calculations based on the Sullivan process with PS coupling [22, 38].
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TABLE I: Leading nonanalytic contributions to the vertex renormalization 1 − Z1, in units of
1/(4pifpi)
2m2pi logm
2
pi. The asterisks (
∗) in the ZN1 and Z
pi
1 rows denote contributions that are
present for the pseudoscalar piN coupling. Note that the nonanalytic contributions from the KR
terms cancel at this order, but are nonzero at O(m3pi), and are needed to ensure gauge invariance
of the theory, Eq. (24). The sum of all contributions is given in the last two columns for the PV
and PS theories, respectively.
1/DpiD
2
N 1/D
2
piDN 1/DpiDN 1/Dpi or 1/D
2
pi sum (PV) sum (PS)
1− ZN1 g2 ∗A 0 −12g2A 14g2A 34g2A g2A
1− Zpi1 0 g2 ∗A 0 −14g2A 34g2A g2A
1− ZKR1 0 0 −12g2A 12g2A 0 0
1− ZN tad1 0 0 0 −1/2 −1/2 0
1− Zpi bub1 0 0 0 1/2 1/2 0
IV. PARTON DISTRIBUTIONS AND MOMENTS
The above results on the vertex renormalization factors can be used to compute the
NA behavior of moments of parton distribution functions (PDFs) arising from the pion
cloud of the nucleon. The presence of the pion cloud induces corrections to the PDFs of
a bare nucleon, whose Bjorken x dependence can be represented in terms of convolutions
of pion and nucleon light-cone distribution functions fi(y) and the corresponding parton
distributions in the pion and nucleon [16]. The light-cone distribution fi(y) are defined such
that when integrated over y they give the appropriate vertex renormalization factors Z i1,
(1− Z i1) =
∫
dy fi(y). Unlike in the PS coupling models [9, 22, 40–46], the dressed nucleon
PDFs in the PV theory contain several additional terms [16, 47],
q(x) = Z2 q0(x) + ([fN + fN tad]⊗ q0) (x) + ([fpi + fpi bub]⊗ qpi) (x) + (fKR ⊗ qKR) (x),
(39)
where q0 is the bare nucleon PDF (arising from the diagram in Fig. 1(a)), qpi is the PDF in
the pion, and qKR ≡ ∆q0/gA, with ∆q0 the spin-dependent PDF in the bare nucleon. The
constant Z2 is the wave function renormalization constant, and the symbol ⊗ represents
the convolution integral (f ⊗ q)(x) = ∫ 1
x
(dz/z) f(z) q(x/z), where for the fpi and fpi bub
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contributions the integration variable z should be taken to be the fraction of the nucleon’s
+ component of momentum carried by the pion, y = k+/p+, while for the fN , fN tad and
fKR terms z = 1 − y. Note that because of the additional pion field at the vertex in the
KR diagram, Fig. 1(e), the contribution of the KR terms to the (unpolarized) PDF involves
a convolution with a spin-dependent parton distribution. In the corresponding “Sullivan”
process based on the PS coupling [9, 22, 40–44], only the fN and fpi functions contribute,
and these are related by Eq. (20).
A. Pionic corrections to twist-2 matrix elements
According to the operator product expansion in QCD, the moments of PDFs are related
to matrix elements of local operators,
〈N |Ôµ1···µnq |N〉 = 2〈xn−1〉q p{µ1 · · ·pµn} (40)
where the braces {· · · } denote symmetrization of Lorentz indices, and the operators are
given by the quark bilinears
Ôµ1···µnq = ψ¯γ{µ1 iDµ2 · · · iDµn}ψ − traces, (41)
with Dµ the covariant derivative. The n-th moment of the PDF q(x) is given by
〈xn−1〉q =
∫ 1
0
dx xn−1 (q(x) + (−1)nq¯(x)). (42)
For n = 1, we define 〈x0〉q ≡ M(p) to be the moment in the proton, with u ↔ d for the
neutron M(n).
For the direct coupling of the photon to the nucleon, which includes the wave function
renormalization (Fig. 1(b)), the nucleon rainbow diagram (Fig. 1(c)), and the pion tadpole
diagram (Fig. 1(f)), the contributions to the twist-2 matrix elements are given by
M(p)N = Z2 + (1− ZN1 ) + (1− ZN tad1 ), (43a)
M(n)N = 2(1− ZN1 )− (1− ZN tad1 ), (43b)
for the proton and neutron, respectively. The wave function renormalization Z2 factor in
Eq. (43a) is
1− Z2 = (1− Zp1) + (1− Zn1 ) = 3(1− ZN1 ). (44)
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The contributions from the photon–pion couplings, including the pion rainbow diagram
(Fig. 1(d)), the Kroll-Ruderman term (Fig. 1(e)), and the pion bubble diagram (Fig. 1(g)),
are given for the proton and neutron by
M(p)pi = 2(1− Zpi1 ) + 2(1− ZKR1 ) + (1− Zpi bub1 ), (45a)
M(n)pi = −2(1− Zpi1 )− 2(1− ZKR1 )− (1− Zpi bub1 ). (45b)
Using Eq. (44), the pion cloud contributions to the isoscalar (sum of proton and neutron)
moments from coupling involving nucleons cancel,
M(p+n)N = 1, (46)
leaving the charge of the nucleon (or valence quark number) unrenormalized from that
given by the bare coupling, Fig. 1(a). Similarly, the contributions to the isoscalar moments
involving direct coupling to pions add to zero, as required by charge conservation,
M(p+n)pi = 0. (47)
Note that these results, Eqs. (46) and (47), are true to all orders in the pion mass, not just
for the LNA parts that were discussed in Refs. [17, 18, 48], and to which we turn to in the
next section.
B. LNA behavior of isovector moments
The LNA contributions from the nucleon coupling diagrams to the proton and neutron
moments are given by
M(p)N LNA−→ 1−
(3g2A + 1)
2(4πfpi)2
m2pi logm
2
pi, (48a)
M(n)N LNA−→
(3g2A + 1)
2(4πfpi)2
m2pi logm
2
pi. (48b)
Taking the difference between the proton and neutron moments, the isovector contribution
then becomes
M(p−n)N LNA−→ 1−
(3g2A + 1)
(4πfpi)2
m2pi logm
2
pi, (49)
which agrees with the results obtained in heavy baryon chiral perturbation theory [17, 18].
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Similarly, the LNA contributions from the pion coupling diagrams to the proton and
neutron moments are given by
M(p)pi LNA−→
(3g2A + 1)
2(4πfpi)2
m2pi logm
2
pi, (50a)
M(n)pi LNA−→ −
(3g2A + 1)
2(4πfpi)2
m2pi logm
2
pi, (50b)
so that the isovector contribution can be written
M(p−n)pi LNA−→
(3g2A + 1)
(4πfpi)2
m2pi logm
2
pi. (51)
The pion coupling contributions to the moment therefore cancel those of the nucleon coupling
in Eq. (49), such that the total lowest moment of the PDF is not affected by pion loop
corrections.
The analysis is more straightforward for the PS theory, where neither tadpoles, bubbles
nor KR terms are present, and LNA behavior of the nucleon and pion coupling contributions
to the isovector moments is given by
M˜(p−n)N LNA−→ 1−
4g2A
(4πfpi)2
m2pi logm
2
pi, (52a)
M˜(p−n)pi LNA−→
4g2A
(4πfpi)2
m2pi logm
2
pi. (52b)
This agrees with the results obtained in Ref. [39] using the light-cone momentum distribu-
tions computed for the Sullivan process in the PS theory [22, 38]. As observed in Ref. [17],
the PV and PS results agree in the limit as gA → 1, although they clearly differ in the
general case for gA 6= 1.
For higher moments, n > 1, the pion coupling contributions will be suppressed by ad-
ditional powers of m2pi, while the LNA behavior of the nucleon coupling diagrams remains
∼ m2pi logm2pi [17, 18, 48]. Cancellation will therefore not occur between the nucleon and pion
coupling contributions for these moments, so that the shape of underlying PDFs will in gen-
eral be modified by the presence of pion loops. We have verified that our LNA results agree
with those presented in Ref. [47]. Further details of the pion light-cone momentum distribu-
tion fi(y) are discussed in Ref. [16], and an analysis of their phenomenological consequences
will be presented in a forthcoming publication [37].
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V. CONCLUSION
In this work we have presented a detailed analysis of pion cloud corrections to the elec-
tromagnetic coupling of the nucleon, using the lowest order effective Lagrangian constrained
by the chiral symmetry of QCD. We have computed the complete set of vertex corrections
arising from the various one-loop diagrams, including rainbow diagrams with pion and nu-
cleon coupling, Kroll-Ruderman contributions, and tadpole and bubble diagrams associated
with πN contact interactions.
Explicit evaluation of the vertex renormalization factors allowed us to directly verify
relations between the nucleon and pion coupling diagrams, and demonstrate the consistency
of the theory with electromagnetic gauge invariance. The KR terms in particular are essential
for ensuring gauge invariance to all orders in the pion mass, even though these do not
contribute to the leading nonanalytic behavior of the vertex factors. We have also shown
that the sum of the pion tadpole and bubble diagrams vanishes.
We have examined the chiral expansion of all the vertex corrections as a function of
the pion mass mpi, computing the coefficients of the nonanalytic terms up to and including
order m4pi logmpi. The LNA terms agree with earlier calculations in heavy baryon chiral
perturbation theory [17, 18], although our formulation is relativistic and allows for higher
order corrections in mpi/M . Comparison of the results for the pseudoscalar πN theory
reveals the origin of the long-standing discrepancy between the LNA behavior in the chiral
effective theory and in approaches based on the Sullivan process [22, 38, 44, 45] which use
a γ5 coupling.
To study the behavior of the total vertex corrections, rather than just their longest-range
LNA contributions, we have computed the vertex renormalization factors numerically as a
function of the transverse momentum cutoff used to regularize the integrals. The pion and
nucleon rainbow corrections give positive contributions to the vertex renormalization factor
(1 − Z1) for the range of cutoffs considered here (Λ ≤ 1 GeV), while the contribution from
the KR diagram is negative. The overall magnitude of the vertex correction is (1 − ZN1 ) =
(1− Zpi1 ) + (1− ZKR1 ) ≈ 15% for Λ = 0.5 GeV and ≈ 25% for Λ = 1 GeV. The tadpole and
bubble contributions range up to ≈ 30% for Λ = 1 GeV. Although a transverse momentum
cutoff breaks the Lorentz invariance of the πN theory, for the purposes of the present study
it is sufficient to illustrate the relative contributions of the various pion loop diagrams. For
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a more quantitative analysis, for example, of the corrections to the d¯− u¯ PDF difference, a
covariant regularization scheme can be used [37].
Finally, using the results for the vertex and wave function renormalization constants
we computed the pion loop corrections to the matrix elements of twist-2 operators for the
proton and neutron, which in the operator product expansion are related to moments of
parton distribution functions. For the lowest moment, we demonstrated explicitly that the
pion loop corrections cancel for the isoscalar combination of moments for the nucleon and
pion couplings separately. The isovector moments, on the other hand, were found to have the
characteristicm2pi logm
2
pi leading dependence for both the nucleon and pion coupling diagrams
(with the sum of course canceling, as required by charge conservation). Again, comparison
of the PV and PS results for the moments enabled us to clearly identify the source of the
difference between the coefficients of the LNA terms in the two theories. While the PV
theory is clearly preferred by considerations of chiral symmetry, the explicit demonstration
that the PS theory can be made consistent in this context with the introduction of a scalar
σ field remains an interesting challenge.
The results derived here can be used in the future to investigate the nonanalytic behavior
of the nucleon PDFs, particularly the extrapolation of calculations in lattice QCD performed
at unphysically large quark masses [49, 50] to the physical region. Our findings will also pave
the way for phenomenological studies, especially the quest for a consistent interpretation of
the physics of the pion cloud at the parton level, enabling deeper studies of the origin
of the d¯ − u¯ asymmetry [16]. In addition, this work will also guide investigation of the
very important asymmetry between the s and s¯ distributions, with its connection to the
five-quark component of the nucleon wave function, as well as the spin-flavor asymmetry
∆u¯−∆d¯ between the polarized u¯ and d¯ distributions.
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Appendix A: Feynman Rules
For convenience we summarize in this appendix the complete set of Feynman rules derived
from the PV Lagrangian LγpiN in Eq. (3), needed to compute the vertex renormalization and
wave function corrections from pion loops. The conventions throughout this work denote
the nucleon momentum by pµ and the pion momentum by kµ, with e the electric charge on
the electron. Isospin couplings that are not listed are identically zero.
Propagators
Nucleon: i
/p−M (A1)
Pion: i
k2 −m2pi
(A2)
γ∗NN vertex
γ∗p (n)→ p (n): −iQp(n) |e| γµ (A3)
with Qp(n) = 1 (0)
k k’
γ∗ππ vertex
γ∗π± → π±: −iQpi± |e| (k + k′)µ (A4)
with Qpi± = ±1
πNN vertex
p (n)→ π0 p (n): + 1 (−1) gA
2fpi
γ5 /k (A5)k
p (n)→ π+(π−)n (p): gA√
2fpi
γ5 /k (A6)
γ∗πNN vertex
γ∗p (n)→ π+(π−)n (p): − 1(+1) gA|e|√
2fpi
γ5 γ
µ (A7)
ππNN vertex
π−(π+) p→ π−(π+) p: + 1(−1) i
4f 2pi
(/k + /k′) (A8)
k k’
π−(π+)n→ π−(π+)n: − 1(+1) i
4f 2pi
(/k + /k′) (A9)
π0 p (n)→ π+(π−)n (p): + 1(−1) i
2
√
2f 2pi
(/k + /k′) (A10)
γ∗ππNN vertex
π± p (n)→ π± p (n): + 1(−1) i|e|
2f 2pi
γµ (A11)
π0 p (n)→ π+(π−)n (p): − i|e|
2
√
2f 2pi
γµ (A12)
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FIG. 7: Coupling of an electromagnetic current to a proton (with momentum p) dressed by a pion
(with momentum k): (a) and (b) wave function renormalization diagrams, (c) rainbow diagram
with coupling to the proton, (d) rainbow diagram with coupling to the pi+, (e) and (f) Kroll-
Ruderman diagrams, (g) tadpole diagram with coupling to the pipipp vertex, (h) bubble diagram
with coupling to the pion. The current brings in a momentum q.
Appendix B: Gauge Invariance
In this section we demonstrate explicitly that the electromagnetic coupling to the nucleon
dressed by pions, illustrated in Fig. 7, is gauge invariant, for both the PV and PS pion–
nucleon theories.
For the π0pp coupling the current derived from the PV Lagrangian in Eq. (3) is a sum of
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the three contributions in Fig. 7(a), (b) and (c),
Jµ(pi0) =
g2A
4f 2pi
∫
d4k
(2π)4
[
J µwf(L) + J µwf(R) + J µN
]
, (B1)
where
J µwf(L) = u¯(p+ q) k/γ5
i
p/+ q/− k/−M γ5k/
i
p/ + q/−M (−ieγ
µ) u(p)
i
Dpi(k)
, (B2a)
J µwf(R) = u¯(p+ q) (−ieγµ)
i
p/−M k/γ5
i
p/− k/−M γ5k/ u(p)
i
Dpi(k)
, (B2b)
represent the “wave function renormalization” diagrams in Fig. 7(a) and (b), and
J µN = u¯(p+ q) k/γ5
i
p/+ q/− k/−M (−ieγ
µ)
i
p/− k/−M γ5k/ u(p)
i
Dpi(k)
(B3)
corresponds to the rainbow diagram with coupling to the proton in Fig. 7(c). Here the
electromagnetic current operator brings in a finite momentum q to the proton. Contracting
the currents with the photon four-vector qµ and using the Dirac equation (p/−M)u(p) = 0,
one finds
qµ J µwf(L) = e u¯(p+ q) γ5k/
1
p/+ q/− k/−M γ5k/ u(p)
1
Dpi(k)
, (B4a)
qµ J µwf(R) = −e u¯(p+ q) γ5k/
1
p/− k/−M γ5k/ u(p)
1
Dpi(k)
, (B4b)
and
qµ J µN = e u¯(p+ q) γ5k/
(
1
p/− k/−M −
1
p/+ q/− k/−M
)
γ5k/ u(p)
1
Dpi(k)
(B4c)
= −qµ J µwf(L) − qµ J µwf(R),
where we have used q/ = (p/+ q/−M)− (p/−M) and q/ = (p/+ q/− k/−M)− (p/− k/−M) to
simplify Eqs. (B4b) and (B4c), respectively. The sum of the three contributions then gives
the required result,
qµ J
µ
(pi0) = 0. (B5)
For the π+np coupling the current has seven contributions, including the wave function
renormalization diagrams in Fig. 7(a) and (b), the π+ rainbow diagram in Fig. 7(d), the
Kroll-Ruderman contributions in Fig. 7(e) and (f), and the π+ tadpoles and bubbles in
Fig. 7(g) and (h),
Jµ(pi+) =
∫
d4k
(2π)4
{
g2A
2f 2pi
[
J µwf(L) + J µwf(R) + J µpi + J µKR(L) + J µKR(R)
]
+
1
4f 2pi
[
J µN tad + J µpi bub
]}
. (B6)
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The current for the π+ rainbow is given by
J µpi = u¯(p+ q) (k/+ q/)γ5
i
p/− k/−M γ5k/ u(p)
i
Dpi(k + q)
(−ie)(2kµ + qµ) i
Dpi(k)
, (B7)
while the Kroll-Ruderman currents are
J µKR(L) = u¯(p+ q) k/γ5
i
p/+ q/− k/−M (−eγ5γ
µ) u(p)
i
Dpi(k)
, (B8a)
J µKR(R) = u¯(p+ q) (eγ5γµ)
i
p/− k/−M γ5k/ u(p)
i
Dpi(k)
. (B8b)
Finally, for the pion tadpole and bubble diagrams the two currents are given by
J µN tad = −i u¯(p+ q) (2k/+ q/)u(p)(−ie)(2kµ + qµ)
i
Dpi(k)
i
Dpi(k + q)
, (B9a)
J µpi bub = 2i u¯(p+ q) e γµ u(p)
i
Dpi(k)
, (B9b)
respectively. Note that diagrams involving a pion tadpole with the photon coupling to a
proton in the initial or final state directly involve loop integrations with an odd number of
factors k in the integrand (see Eq. (A8)) and therefore vanish identically.
Contracting the π+ currents with the photon momentum qµ, one has
qµ J µpi = e u¯(p+ q) γ5(k/+ q/)
1
p/− k/−M γ5k/ u(p)
(
1
Dpi(k)
− 1
Dpi(k + q)
)
, (B10a)
qµ J µKR(L) = −e u¯(p + q) γ5k/
1
p/+ q/− k/−M γ5q/ u(p)
1
Dpi(k)
, (B10b)
qµ J µKR(R) = −e u¯(p + q) γ5q/
1
p/− k/−M γ5k/ u(p)
1
Dpi(k)
. (B10c)
Adding the wave function renormalization contributions in Eqs. (B4a) and (B4b), one can
verify, after some tedious but straightforward manipulations, that
qµ J
µ
(pi+) = 0. (B11)
Note that the inclusion of the KR contributions is vital to cancel the contributions from the
π+ current with the PV coupling, without which the theory would not be gauge invariant.
The tadpole and bubble contributions are each independently gauge invariant, as can be
seen from the contractions
qµ J µN tad = e u¯(p+ q) (2k/+ q/)u(p)
(
1
Dpi(k)
− 1
Dpi(k + q)
)
= 0, (B12a)
qµ J µpi bub = −2e u¯(p+ q) q/ u(p)
i
Dpi(k)
= 0, (B12b)
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where the first expression can be verified by changing variables k′/ = k/ + q/ → k/, and the
second vanishes because of the Dirac equation. The same of course holds true also for a
neutron initial state.
For the PS coupling, only the diagrams in Fig. 7(a)–(d) are present. As in the PV case,
for the π0pp coupling the current in the PS theory has three contributions from Fig. 7(a),
(b) and (c),
J˜µ(pi0) = g
2
piNN
∫
d4k
(2π)4
[
J˜ µwf(L) + J˜ µwf(R) + J˜ µN
]
, (B13)
where
J˜ µwf(L) = u¯(p+ q) iγ5
i
p/+ q/− k/−M iγ5
i
p/+ q/−M (−ieγ
µ) u(p)
i
Dpi(k)
, (B14a)
J˜ µwf(R) = u¯(p+ q) (−ieγµ)
i
p/−M iγ5
i
p/− k/−M iγ5 u(p)
i
Dpi(k)
, (B14b)
J˜ µN = u¯(p+ q) iγ5
i
p/+ q/− k/−M (−ieγ
µ)
i
p/− k/−M iγ5 u(p)
i
Dpi(k)
. (B14c)
Contracting the currents (B14) with qµ and again using the Dirac equation, one finds
qµ J˜ µwf(L) = e u¯(p+ q) γ5
1
p/+ q/− k/−M γ5 u(p)
1
Dpi(k)
, (B15a)
qµ J˜ µwf(R) = −e u¯(p+ q) γ5
1
p/− k/−M γ5 u(p)
1
Dpi(k)
, (B15b)
qµ J˜ µN = e u¯(p+ q) γ5
(
1
p/− k/−M −
1
p/+ q/− k/−M
)
γ5 u(p)
1
Dpi(k)
. (B15c)
From Eqs. (B15) it is evident that
qµ J˜ µN = −qµ J˜ µwf(L) − qµ J˜ µwf(R), (B16)
so that gauge invariance is satisfied explicitly for the proton dressed by a neutral π0 with
PS coupling,
qµ J˜
µ
(pi0) = 0. (B17)
Similarly for the PS π+np coupling, the current is given by the three contributions in
Fig. 7(a), (b) and (d),
J˜µ(pi+) = 2g
2
piNN
∫
d4k
(2π)4
[
J˜ µwf(L) + J˜ µwf(R) + J˜ µpi
]
, (B18)
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where
J˜ µpi = u¯(p+ q) iγ5
i
p/− k/−M iγ5 u(p)
i
Dpi(k + q)
(−ie)(2kµ + qµ) i
Dpi(k)
. (B19)
The contraction of qµ with J˜ µpi gives
qµ J˜ µpi = e u¯(p+ q) γ5
i
p/− k/−M γ5
(
1
Dpi(k)
− 1
Dpi(k + q)
)
, (B20)
where the first term in the parentheses cancels with qµ J˜ µwf(R) in Eq. (B15b), and the second
cancels with qµ J˜ µwf(L) in (B15a) after changing variables k′/ = k/ + q/ → k/. Therefore gauge
invariance is explicitly verified also for the π+ with PS coupling,
qµ J˜
µ
(pi+) = 0. (B21)
Note that since these results are obtained at the operator level, they are independent of the
particular renormaliation scheme chosen to regulate the integrals.
Appendix C: Ward-Takahashi Identity
In this section we demonstrate the consistency of the vertex corrections and wave function
renormalization with the Ward-Takahashi identity. To begin with, we consider the nucleon
self-energy operator, which can in general be written in terms of the vector and scalar
components as
Σˆ(p) = Σv p/ + Σs. (C1)
Evaluating the matrix element of the self-energy operator between on-shell nucleon states
gives
Σ =
1
2
∑
s
u¯(p, s) Σˆ(p) u(p, s) = M Σv + Σs, (C2)
where the sum is taken over the spin polarizations s = ±1/2 of the nucleon. The self-energy
modifies the pole of the nucleon propagator according to
1
p/−M − Σˆ(p) =
Z2
p/−M − δM , (C3)
where Z2 is the wave function renormalization constant,
Z2 =
1
1− Σv , (C4)
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and the mass shift δM is given by
δM = Z2Σ. (C5)
Alternatively, using Eqs. (C4) and (C5) one can express the vector and scalar components
of the self-energy as
Σv = −(Z−12 − 1), (C6)
Σs = (Z
−1
2 − 1)M + Z−12 δM. (C7)
From Eqs. (C1) and (C6) one observes that the nucleon wave function renormalization Z2
is related to the derivative of the nucleon self-energy operator by
(Z2 − 1) γµ = ∂Σˆ(p)
∂pµ
. (C8)
On the other hand, from Eq. (6) in Sec. III the vertex renormalization constant Z1 is defined
in terms of the matrix element of the vertex correction Λµ by
(Z−11 − 1) u¯(p) γµ u(p) = u¯(p) Λµ u(p). (C9)
The Ward-Takahashi identity relates the vertex operator Λµ to the pµ derivative of the self-
energy operator Σˆ, which can be expressed as the equality of the vertex and wave function
renormalization factors, Z1 = Z2.
To demonstrate that this relation is explicitly satisfied by the PV pion-nucleon theory
defined by Eqs. (1) and (3), recall that the self-energy for a nucleon dressed by a pion loop
is given by [14]
Σˆ(p) = 3i
(
gA
2fpi
)2 ∫
d4k
(2π)4
(/kγ5)
i (/p− /k +M)
DN (p− k) (γ5/k)
i
Dpi(k)
, (C10)
where DN(p−k) = (p−k)2−M2+ iε and Dpi(k) = k2−m2pi+ iε. Differentiating the nucleon
propagator with respect to the nucleon momentum, which is equivalent to the insertion of
a zero energy photon,
∂
∂pµ
1
p/− k/−M = −
1
p/− k/−M γ
µ 1
p/− k/−M , (C11)
leads to
− ∂Σˆ(p)
∂pµ
= 3
(
gA
2fpi
)2 ∫
d4k
(2π)4
(/kγ5)
i (/p− /k +M)
DN (p− k) γ
µ i (/p− /k +M)
DN(p− k) (γ5/k)
i
Dpi(k)
.
(C12)
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Comparing the right-hand side of (C12) with the expression for Λµ in Eq. (8), one can then
identify
3Λµp = −
∂Σˆ(p)
∂pµ
. (C13)
Now, changing variables k → p − k in Eq. (C10) enables the self-energy to be written
equivalently as
Σˆ(p) = 3i
(
gA
2fpi
)2 ∫
d4k
(2π)4
(/p− /k)γ5 i (/k +M)
DN (k)
γ5(/p− /k) i
Dpi(p− k) , (C14)
which when differentiated with respect to pµ gives rise to three terms,
− ∂Σˆ(p)
∂pµ
= 3
(
gA
2fpi
)2 ∫
d4k
(2π)4
{
2(p− k)µ(/p− /k)γ5 i (/k +M)
DN (k)
γ5(/p− /k)
(
i
Dpi(p− k)
)2
− i γµ γ5 i (/k +M)
DN(k)
γ5(/p− /k) i
Dpi(p− k)
− (/p− /k) γ5 i (/k +M)
DN(k)
i γ5 γ
µ i
Dpi(p− k)
}
. (C15a)
Changing variables k → p− k once again then gives
3
1
2
(
Λµ
pi+
+ ΛµKR,pi+
)
= −∂Σˆ(p)
∂pµ
. (C15b)
Since the expressions for Σˆ(p) in Eqs. (C10) and (C14) are equivalent, this implies that the
electromagnetic operators are related by
Λµp =
1
2
(
Λµ
pi+
+ ΛµKR,pi+
)
. (C16)
Taking matrix elements of both sides of Eq. (C16) between proton states, one arrives at the
relation
(1− Zp1) =
1
2
(1− Zpi+1 ) +
1
2
(1− ZKR,pi+1 ), (C17)
or, in terms of the “isoscalar” vertex factors defined in Sec. III, the desired expression
(1− ZN1 ) = (1− Zpi1 ) + (1− ZKR1 ) as in Eq. (24).
The proof for the PS case follows similarly, and is in fact more straightforward since the
KR terms are absent in this case. One can also check the validity of the Ward-Takahashi
identity by performing the integrations explicitly, and comparing the integrated expressions
for the vertex renormalization factors.
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Appendix D: Nonanalytic Behavior of Integrals
In this appendix we summarize some useful results for the integrals appearing in the
expressions for the vertex corrections in Sec. III and the self-energies Appendix C, using
dimensional regularization to render ultraviolet divergent integrals finite. Expanding the
results in powers of mpi, we also provide explicit expressions for their nonanalytic behavior
in the chiral limit.
For the integrals involving only the pion propagator (1/Dpi),∫
d4k
1
Dpi
= iπ2m2pi
[
1
ε
+ 1− γ − log π − log m
2
pi
µ2
+O(ε)
]
NA−→ −iπ2m2pi logm2pi, (D1)
∫
d4k
1
D2pi
= iπ2
[
1
ε
− γ − log π − log m
2
pi
µ2
+O(ε)
]
NA−→ −iπ2 logm2pi. (D2)
The expressions in Eqs. (D1) and (D2) can also be related using
∂
∂m2pi
∫
d4k
1
Dpi
=
∫
d4k
1
D2pi
. (D3)
Note that there are no higher order contributions in mpi for either of these integrals. The
corresponding integrals involving only the nucleon propagator (1/DN), on the other hand,
do not have nonanalytic contributions,∫
d4k
1
DN
= iπ2M2
[
1
ε
+ 1− γ − log π − log M
2
µ2
+O(ε)
]
NA−→ 0, (D4)
∫
d4k
1
D2N
= iπ2
[
1
ε
− γ − log π − log M
2
µ2
+O(ε)
]
NA−→ 0. (D5)
For the integral of one pion propagator and one nucleon propagator, one has∫
d4k
1
DpiDN
= iπ2
[
1
ε
+ 2− γ − log π − log M
2
µ2
− m
2
pi
2M2
log
m2pi
M2
−mpi r
M2
(
tan−1
mpi
r
+ tan−1
2M2 −m2pi
mpir
)]
NA−→ − iπ
2
2M2
[
m2pi logm
2
pi + 2πMmpi +O(m3pi)
]
, (D6)
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where r =
√
4M2 −m2pi. Note that this term is responsible for the leading O(m3pi) behavior
of the nucleon self-energy [14].
Finally, for integrals involving one pion and two nucleon propagators, or one nucleon and
two pion propagators, the additional powers of the loop momentum render the results finite,∫
d4k
1
D2piDN
= −iπ2 1
M2
[
1
2
log
m2pi
M2
− m
2
pi − 2M2
mpir
(
tan−1
mpi
r
+ tan−1
2M2 −m2pi
mpir
)]
NA−→ − iπ
2
2M2
[
logm2pi +
πM
mpi
+O(mpi)
]
, (D7)
∫
d4k
1
DpiD
2
N
= iπ2
1
M2
[
1
2
log
m2pi
M2
− mpi
r
(
tan−1
mpi
r
+ tan−1
2M2 −m2pi
mpir
)]
NA−→ iπ
2
2M2
[
logm2pi −
πmpi
2M
+O(m3pi)
]
. (D8)
The expressions in Eqs. (D6) and (D7) can also be related using
∂
∂m2pi
∫
d4k
1
DpiDN
=
∫
d4k
1
D2piDN
. (D9)
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